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a b s t r a c t
LetX2m be one of the spaces of constant curvature and0 be a discrete and finitely presented
subgroup of Iso(X2m). We combine Schläfli’s reduction formula and Poincaré’s formula
with the cycle condition to get a formula for the covolume of 0 which only depends on
the combinatorics of a fundamental polytope for 0 and the orders of certain stabilizer
subgroups of 0.
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1. Introduction
Let 0 be a finitely presented Fuchsian group. This means that 0 can be viewed as a discrete subgroup of isometries of the
hyperbolic plane. An important invariant of 0 is the (normalized) covolume covol(0), which is strongly related to the Euler
characteristic of this group. Carl Ludwig Siegel (compare [15]) constructed the formula
covol(0) = 1
2
a0inf (P)− 1+
µ0∑
i=1
(
1
2
l0i −
1
g0i
)
, (1)
which expresses the covolume of 0 in terms of the combinatorics of a fundamental polygon (with the side pairing relations)
and the orders of certain stabilizer subgroups. He used it to determine a lower bound for the covolume of Fuchsian
groups and he proved that this minimum is realized by the triangle group 〈2, 3, 7〉, which is the subgroup of the Coxeter
group • • 7 • consisting of the orientation-preserving elements.
In this paper we will generalize this formula to discrete and finitely presented subgroups of isometries of the spherical
and the hyperbolic space of even dimensions.
In Section 2 of this paperwe give an introduction to the theory of polytopes and polytopal complexes in spaces of constant
curvature. In particular, we give Schläfli’s reduction formula and Poincaré’s formula which allow us to express the volume
of an even dimensional spherical or hyperbolic polytope as a linear function in the angles, whereas the coefficients depend
on the combinatorics.
In Section 3 we deal with discrete subgroups of isometries acting on spaces of constant curvature which have a
fundamental polytope. Furthermore, we prove the so-called cycle condition which connects the angles with apexes in
equivalent faces with the orders of certain stabilizer subgroups.
In Section 4 we combine Schläfli’s reduction formula and Poincaré’s formula with the cycle condition to get formulas for
the covolume of discrete groups which have a fundamental polytope.
In Section 5 we apply the results to the covolume of non-Euclidean Coxeter groups.
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2. Polytopes and polytopal complexes in Xn
Throughout this paper letXn be one of the spaces Sn, En orHn of constant curvature K = 1, 0 or−1, respectively, and let
cn denote the volume of the n-dimensional unit sphere. An n-dimensional polytope P in Xn is the Sn-convex hull of finitely
many points forXn = Snwhich are contained in an open hemisphere; theEn-convex hull of finitelymany points forXn = En
and the Hn-convex hull of finitely many ordinary points and points at infinity for Xn = Hn, which contains an open set of
Xn. If Xn = Hn, then P may not be compact but it is always of finite volume. Each (n − 1)-dimensional plane (hyperplane)
H ⊂ Xn divides the whole space Xn into two half-spaces H− and H+ and it turns out that P is the intersection of finitely
many (oriented) half-spaces H−i . Let Pk be a k-dimensional face of P for 0 ≤ k ≤ n− 1 that is no vertex at infinity of P . The
(n− k− 1)-dimensional normalized angle of P at a face Pk is denoted by α(Pk|P) for 0 ≤ k ≤ n− 1. Furthermore, we define
α(P|P) := 1. The angles are normalized in such a way that the whole sphere of dimension (n− k− 1) is measured as 1. The
face Pk of P is called the apex of the angle α(Pk|P).
A polytopal complex Π in Xn is a set of polytopes in Xn such that if a polytope belongs to Π then so do all its faces, the
intersection of two polytopes inΠ is a face of both polytopes and the collectionΠ is locally finite. Furthermore,Π is called
pure if each element of Π is contained in an element of maximal dimension. For all d with 1 ≤ d ≤ n let ad(Π) be the
number of d-dimensional faces, a0ord(Π) the number of ordinary 0-dimensional faces, and a
0
inf (Π) the number of points at
infinity, which are contained inΠ . Clearly forΠ ⊆ Sn we have a0inf (Π) = 0. Furthermore, let a0(Π) := a0ord(Π)+ a0inf (Π)
and a−1(Π) := 1. For all d with 1 ≤ d ≤ n let Ωd(Π) :=
{
Pd1 , P
d
2 , . . . , P
d
ad(Π)
}
be the set of d-dimensional faces and
Ω0(Π) :=
{
P01 , P
0
2 , . . . , P
0
a0ord(Π)
}
the set of ordinary vertices in Π . The f-vector f (Π) is defined as the (n + 1)-tuple
(a0(Π), a1(Π), . . . , an(Π)).
An (exact) tessellation of the space Xn is a pure n-dimensional polytopal complexΠ whose geometrical realization |Π | is
equal to Xn.
The notion of an angle of P at a face Pk can be generalized to pure polytopal complexesΠ of dimension n inXn as follows.
Let Pk be an element in Ωk(Π) for 0 ≤ k ≤ n. Then Pk is included in a finite number of elements Pn1 , . . . , Pnh in Ωn(Π) of
dimension n such that Pk = Pn1 ∩ · · · ∩ Pnh . Furthermore, the number h is maximal which means that there are no other
elements inΩn(Π) containing Pk. The (n− k− 1)-dimensional complex angle ofΠ at a face Pk is defined as
α(Pk|Π) :=
h∑
i=1
α(Pk|Pni ) =
∑
Pn∈Ωn(Π)
α(Pk|Pn)
for 0 ≤ k ≤ n, where we have defined α(Pk|Pn) = 0 if Pk is not a face of the polytope Pn.
Wedenote byPn the set of all n-dimensional polytopes in the spaces Sn,En andHn and byPn∼ the set of their combinatorial
equivalence classes. Let J be a set. Amap κ : Pn −→ J is called a combinatorial n-invariant if there exists amap κ∗ : Pn∼ −→ J
such that κ∗◦pi = κ , wherepi is the projection from Pn to Pn∼. A combinatorial invariant κ is called complete if κ∗ is injective.
The numbers ai(P) for 0 ≤ i ≤ n − 1 are of course incomplete combinatorial invariants (for n > 2) and we can easily see
that each function of these numbers is also a combinatorial invariant.
Theorem 1. Let P be a 2m-dimensional polytope inX2m = S2m or H2m. Then there exist rational combinatorial 2j-invariants σ 2j
such that∑
P2j∈Ω2j(P)
j=0,...,m
σ 2j(P2j)α(P2j|P) = 2Kmc−12mvol(P). (2)
We call formula (2) Schläfli’s (combinatorial) reduction formula and the combinatorial 2j-invariants σ 2j Schläfli invariants
(compare [19] and [18], p 121, (10)). The Schläfli invariants in small dimensions (compare [14,19]) are
σ 0(P) = 1
σ 2(P) = 1− 1
2
a0(P) (3)
σ 4(P) = 1− 1
2
(
a0(P)+ a2(P))+ 1
4
∑
P2∈Ω2(P)
a0(P2).
Theorem 2. Let P be an n-dimensional polytope in Xn. Then∑
Pj∈Ω j(P)
j=0,...,n
(−1)jα(P j|P) =
{
2Kmc−12mvol(P), n = 2m even
0, n = 2m+ 1 odd.
This formula is usually called Poincaré’s formula (compare [19], [13], Theorem 11.3.1. and [18], p 120, (8)).
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Fig. 1. Bugaenko’s Coxeter graph.
Theorem 1 was first proved by L. Schläfli for spherical polytopes [14] in 1850–1852 by using his differential formula.
E. Peschl proved this formula for simplices in a purely combinatorialway (compare [11]) in 1955 by using Poincaré’s formula.
We remark that L. Schläfli (compare [14]) also proved another type of reduction formula for so-called spherical orthoschemes
(of degree 0). This (analytic) reduction formula was generalized by R. Kellerhals (compare [9]) to hyperbolic orthoschemes
of all degrees.
H. Poincaré proved Theorem 2 in 1905 for spherical simplices (compare [12]). This result was generalized by H. Hopf to
simplices in all spaces Xn of constant sectional curvature K (compare [5], Theorem III and [13], Theorem 11.3.1).
3. Discrete subgroups of Iso(Xn)
The group Iso(Xn) of isometries of Xn is a Lie group which acts transitively on Xn and its isotropy group at each point is
the group of all orthogonal transformations. Let 0 < Iso(Xn) be a discrete group. A fundamental polytope for 0 is a polytope
P in Xn whose interior is a fundamental domain for 0 and for each (n − 1)-dimensional face F of P there exists a uniquely
determined γ ∈ 0with F = P∩γ P . If there exists a fundamental polytope P for0 thenwe have vol(P) = vol(ri(P)), where
ri(P) is the relative interior of P and all fundamental polytopes have the same volume. Hence we can define the (normalized)
covolume of 0 as
covol(0) := 2K n2 c−1n vol(P).
The covolume of 0 is equal to the Euler characteristic of the group 0 by the Gauss–Bonnet theorem. We remark that the
covolume is negative, when Xn = Hn and n is congruent to 2 modulo 4.
A discrete subgroup 0 < Iso(Xn) is called geometrically finitely presented if there exists an n-dimensional fundamental
domain R for 0 which is a polytope, or short, if there exists a fundamental polytope for 0.
A very important and well-understood family of discrete and geometrically finitely presented groups are the so-called
geometric Coxeter groups. The fundamental polytopes are so-called Coxeter polytopes, which are bounded by hyperplanes
Hi, i ∈ I with dihedral angles 6 (Hi,Hj) equal to 1/2pij with pij ∈ N. The Coxeter graph of0 is the labelled graphwith vertices I
and edges {(i, j) : pij 6= 2}. Each edge is labelled pij if pij 6= 2. For simplicity, the edgeswith pij = 3 are usually not labelled and
if the hyperplanesHi andHj are parallel (resp. ultra-parallel)wewill label the edge (i, j)with∞ (resp.we draw a dotted line).
Example 1. The following graph (compare Fig. 1) is the Coxeter graph of Bugaenko’s Coxeter group 0B generated by the
reflections in the 7-dimensional faces of a compact hyperbolic 8-dimensional polytope (compare [3] and [18]). We remark
that 0B is the highest-dimensional example among the known cocompact Coxeter groups in the hyperbolic spaces.
Let 0 < Iso(Xn) be a geometrically finitely presented group with fundamental polytope P . Now we want to establish an
equivalence relation on the set of faces of a fixed dimension. In the following let d always be an integer with 0 ≤ d ≤ n− 1.
For all Pdi , P
d
j ∈ Ωd (P) let
Pdi ∼0 Pdj :⇔ ∃γ ∈ 0 : γ Pdi = Pdj .
In fact, this is an equivalence relation on the set Ωd (P) of faces of P of fixed dimension d. The equivalence classes of
Ωd (P) are denoted byΩd(i). Furthermore, letµ
d be the number of equivalence classes inΩd (P). Each equivalence classΩd(i)
contains only finitely many elements ofΩd (P) and we denote these numbers by ldi . We will use the following notation for
the elements in a fixed equivalence class:
Ωd(P) =

Pd(1)1, . . . , P
d
(1)ld1︸ ︷︷ ︸
Ωd
(1)
; . . . ; Pd(i)1, . . . , Pd(i)ldi︸ ︷︷ ︸
Ωd
(i)
; . . . ; Pd
(µd)1, . . . , P
d
(µd)ld
µd︸ ︷︷ ︸
Ωd
(µd)

.
Of coursewe have
∑µ0
i=1 l
0
i = a0ord (P) and
∑µd
i=1 l
d
i = ad (P) for all dwith 1 ≤ d ≤ n−1. Furthermore, for all i = 1, . . . , µd the
d-dimensional polytopes Pd(i)j ∈ Ωd(i) of P are equivalent under the action of 0 and they have equal combinatorial structure
(in fact, they are isometric). If κd is a combinatorial d-invariant in the family of d-dimensional polytopes, we can define
κd
(
Ωd(i)
)
:= κd
(
Pd(i)j
)
for an arbitrary Pd(i)j ∈ Ωd(i). The group 0 < Iso (Xn) may have fixed points and there may exist
elements in 0 that fix faces (not necessarily pointwise!) of P .
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Lemma 3.1. Let F ∈ Ωd(P) (0 ≤ d ≤ n− 1) be a face of P. Then the stabilizer 0F := {γ ∈ 0 : γ F = F} is conjugate to a finite
subgroup of O(n).
Proof. We remark that the face F is not a vertex at infinity and the set T = {γ P : γ ∈ 0} is a tessellation in Xn. This means
that the collection T is locally finite. Now we suppose that 0F is infinite. Then the set {γ P : γ ∈ 0F } ⊂ T is also an infinite
set and all elements in it share the face F in contradiction to the local finiteness of the collection T. Hence 0F is a finite and
discrete subgroup of Iso(Xn) and therefore conjugate to a finite subgroup of O(n). 
It is easy to see that the stabilizer subgroups of equivalent d-dimensional ordinary faces are conjugate, so isomorphic:
0Pd
(i)j
= γ0Pd
(i)k
γ−1
for all 1 ≤ i ≤ µd, 1 ≤ j, k ≤ ldi and for some γ in 0. For all d = 0, . . . , n − 1 and i = 1, . . . , µd let 0d(i) be the stabilizer
group of one of the faces inΩd(i) (this means 0
d
(i)
∼= 0Pd
(i)j
for all j = 1, . . . , ldi ) and 0n(1) =< id >.
So we see that d-dimensional faces in the same equivalence class (which means 0-equivalent) are fixed by the same
number of elements in 0. Let gdi := |0d(i)| and gn1 := 1 for all 0 ≤ d ≤ n − 1, 1 ≤ i ≤ µd. Furthermore, for each (n − 1)-
dimensional face F of P there is a unique element γF ∈ 0 such that P ∩ γFP = F and γ−1F F is a (n− 1)-dimensional face of
P . The (finite) setΦ = Φ(0, P) := {γF ∈ 0 : P ∩ γFP = F ∈ Ωn−1(P)} generates the group 0 and the relations can be read
off from the equivalence classesΩn−2(i) (compare [13], Theorem 6.8.7.).
The following theorem can be viewed as a generalization of Theorem 9.3.5. in [1] or of the second part of Theorem 6.8.7
in [13].
Theorem 3 (Cycle Condition). Let 0 < Iso (Xn) be a geometrically finitely presented group with fundamental polytope P. For all
0 ≤ d ≤ n− 1 let κd be a combinatorial d-invariant on the set Pd. Then
ldi∑
j=1
κd
(
Pd(i)j
)
α
(
Pd(i)j|P
) = κd (Ωd(i)) 1gdi
for all i = 1, . . . , µd.
Proof. To simplify the notation: For a fixed dwith 0 ≤ d ≤ n− 1 and a fixed i ∈ {1, . . . , µd} letΩd(i) =: {F = F1, F2 . . . , Fv}
be a cycle of 0-equivalent d-dimensional faces of P . This means we have a set of elements {γ1 = id, γ2, . . . , γv} ⊂ 0 such
that γjFj = F for all j = 1, . . . , v. Furthermore, let 0F denote the stabilizer of the face F (all elements in 0F leave the set F
invariant). The group 0F is finite by Lemma 3.1 and we have gdi = |0F |. Since κd
(
Ωd(i)
)
= κd (Fj) for all Fj, it is enough to
show that
v∑
j=1
α
(
Fj|P
) = 1
gdi
.
Of course, the polytope γjP has F = γjFj as a d-face and for the (n− d− 1)-dimensional angles of P and γjP in the apex F we
get α
(
F |γjP
) = α (γ−1j F |P) for all j = 1, . . . , v. Furthermore, let h be an arbitrary element in 0 and consider the element
F = γjFj ∈ Ωd(P). Then we have the following properties:
• We have F ∈ Ωd(hP) if and only if there exists some j such that h−1F = Fj.
Let F ∈ Ωd(hP) for some h ∈ 0. Then h−1F ∈ Ωd(P) is a d-dimensional face of P which is 0-equivalent to F . So there
exists Fj ∈ Ωd(i) with h−1F = Fj. Conversely, let h−1F = Fj. Then F = hFj ∈ Ωd(hP).
• We have h−1F = Fj if and only if the element hγ−1j fixes the face F , which means that hγ−1j ∈ 0F .
Let h−1F = Fj = γ−1j F . It follows that hγ−1j ∈ 0F . Conversely, let hγ−1j ∈ 0F with γ−1j F = Fj. This means hγ−1j F = F
and γ−1j F = h−1F = Fj.
• The element hγ−1j fixes the face F (not necessarily pointwise) if and only if h ∈ (0F )γj.
Thus we have F ∈ Ωd(hP) if and only if h ∈ (0F )γj for some j = 1, . . . , v.
Now let H := {h1, . . . , ht} ⊂ 0 be the finite set of all elements in 0 with F ∈ Ωd(hiP) for i = 1, . . . , t . With the
above observations we derive that H = (0F )γ1 ∪ · · · ∪ (0F )γv , and this union is pairwise disjoint. We know that the
set T = {γ P : γ ∈ 0} is a tessellation. Hence T can be viewed as a pure n-dimensional polytopal complex in Xn and the
complex angle αT (F) of this complex in the face F is of measure 1. Furthermore, the elements in 0F are conformal maps and
so preserve the measure of an angle. So we get
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1 =
∑
γ∈H
α (F |γ P)
=
v∑
j=1
∑
γ∈(0F )γj
α (F |γ P)
= |0F |
v∑
j=1
α
(
F |γjP
)
= |0F |
v∑
j=1
α
(
γ−1j F |P
)
= gdi
v∑
j=1
α
(
Fj|P
)
. 
4. The covolume of discrete groups
In this section we combine the volume formulas for polytopes with the cycle conditions to get volume formulas for
fundamental polytopes of discrete groups. We first combine Schläfli’s reduction formula with the cycle conditions if
X2m = S2m or H2m. Then we combine Poincaré’s formula with the cycle conditions for all spaces Xn.
Theorem 4. For X2m = S2m or H2m let 0 < Iso(X2m) be a geometrically finitely presented group with fundamental polytope P.
Then we have
covol(0) =
m∑
d=0
µ2d∑
i=1
σ 2d
(
Ω2d(i)
) 1
g2di
,
where σ 2d denotes the Schläfli invariant.
Proof. We use the Theorems 1 and 3. By a simple computation we get
covol(0) =
m∑
d=0
∑
P2d∈Ω2d(P)
σ 2d(P2d)α
(
P2d|P)
=
m∑
d=0
µ2d∑
i=1
l2di∑
j=1
σ 2d
(
P2d(i)j
)
α
(
P2d(i)j|P
)
=
m∑
d=0
µ2d∑
i=1
σ 2d
(
Ω2d(i)
) 1
g2di
. 
Form = 1 using (3) we get Siegel’s Formula (compare (1) and [15]).
Corollary 4.1. For X2 = S2 or H2 let 0 < Iso(X2) be a geometrically finitely presented group with fundamental polytope P.
Then
covol(0) =
µ0∑
i=1
G0i + 1−
1
2
a0inf (P)
with G0i := 1g0i −
1
2 l
0
i .
We remark that in the case where the group 0 is also torsion-free we get
covol(0) = 1+ µ0 − 1
2
a0(P).
Corollary 4.2. For X4 = S4 or H4 let 0 < Iso(X4) be a geometrically finitely presented group with fundamental polytope P.
Then
covol(0) =
µ0∑
i=1
G0i +
µ2∑
i=1
G2i
(
1− 1
2
a0
(
Ω2(i)
))+ 1− 1
2
a0inf (P)
with Gdi := 1gdi −
1
2 l
d
i for d = 0 and 2.
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Proof. The Schläfli invariants σ 0, σ 2 and σ 4 are given by formulas (3). Together with Theorem 4, we deduce that
covol(0) =
2∑
d=0
µ2d∑
i=1
σ 2d
(
Ω2d(i)
) 1
g2di
=
µ0∑
i=1
1
g0i
+
µ2∑
i=1
(
1− 1
2
a0
(
Ω2(i)
)) 1
g2i
+ 1− 1
2
(
a0(P)+ a2(P))+ 1
4
∑
P2∈Ω2(P)
a0(P2).
Now we use the identities
a0(P) =
µ0∑
i=1
l0i + a0inf (P); a2(P) =
µ2∑
i=1
l2i and
∑
P2∈Ω2(P)
a0(P2) =
µ2∑
i=1
l2i∑
j=1
a0
(
P2(i)j
) = µ2∑
i=1
l2i a
0 (Ω2(i)) ;
and the result follows immediately. 
If the group 0 is torsion-free we have g0i = 1 and g2i = 1 for all i ≥ 1. We get
covol(0) = 1− 1
2
(
a0(P)+ a2(P))+ µ0 + µ2 − 1
2
µ2∑
i=1
a0
(
Ω2(i)
) (
1− 1
2
l2i
)
.
Theorem 5. Let 0 < Iso(Xn) be a geometrically finitely presented group with fundamental polytope P. Then we have
n∑
d=0
(−1)d
 µd∑
i=1
1
gdi
 = {covol(0), n = 2m even0, n = 2m+ 1 odd.
Proof. We use Poincaré’s formula for polytopes (compare Theorem 2) and the cycle conditions (compare Theorem 3) and
get {
covol(0), n = 2m even
0, n = 2m+ 1 odd =
n∑
d=0
∑
Pd∈Ωd(P)
(−1)dα(Pd|P)
=
n∑
d=0
µd∑
i=1
ldi∑
j=1
(−1)dα(Pd(i)j|P)
=
n∑
d=0
µd∑
i=1
(−1)d 1
gdi
,
and the theorem follows immediately. 
In the special case where 0 is torsion-free the quotient space Xn/0 is a geometrical manifold of sectional curvature K .
Then, Theorem 5 implies the well-known theorem of Gauss–Bonnet–Chern.
Corollary 4.3. Let 0 < Iso(Xn) be a torsion-free geometrically finitely presented group with fundamental polytope P. Then
n∑
d=0
(−1)dµd = χ(Xn/0) =
{
covol(0), n = 2m even
0, n = 2m+ 1 odd.
5. Applications
Now let 0 < Iso(Xn) be a geometrically finitely presented group with fundamental polytope P and generating set
Φ = Φ(0, P). We define a rational function F for 0 which is strongly related to the growth function of 0 if 0 is a geometric
Coxeter group. Then we use the results of the previous sections to compute the value of F at 1. For all d = 0, . . . , n and
i = 1, . . . , µd let 0d(i) be the the stabilizer groups of one of the faces in Ωd(i). The group 0d(i) < 0 is finitely generated by a
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subsetΦd(i) ⊂ Φ . Let ak be the number of elements of length k in 0d(i) with respect toΦd(i) and denote by 0d(i)(x) =
∑
k≥0 akxk
the Poincaré polynomial of 0d(i). Of course, we have 0
d
(i)(1) = gdi . We define the rational function
F(x) :=
 n∑
d=0
µd∑
i=1
(−1)n−d 1
0d(i)(x)
−1 .
Then we get
Theorem 6. Let 0 < Iso(Xn) be a geometrically finitely presented group with fundamental polytope P and generating set
Φ = Φ(0, P). Then
1
F(1)
=
{
covol(0), n = 2m even
0, n = 2m+ 1 odd.
Proof. By a simple calculation and by using Theorem 5 we get
1
F(1)
=
n∑
d=0
µd∑
i=1
(−1)n−d 1
0d(i)(1)
= (−1)n
n∑
d=0
(−1)d
µd∑
i=1
1
gdi
=
{
covol(0), n = 2m even
0, n = 2m+ 1 odd. 
Nowwe describe the relationship between the rational function F and the growth function of a hyperbolic Coxeter group.
Let 0 < Iso(Hn) be a geometric Coxeter group with fundamental polytope P and Coxeter generating set S = Φ(0, P).
Denote by 0(x) the Poincaré series of 0 with respect to S. Steinberg (compare [17]) proved that 0(x) is a rational function
with 0(x−1) = F(x). So with Theorem 6 we get the relation
1
0(1)
=
{
covol(0), n = 2m even
0, n = 2m+ 1 odd.
This identity is due to Serre (compare [16]) for cocompact geometric Coxeter groups and was also proved by Heckmann
(compare [4]) by using Schläfli’s differential formula.
It is known that the Poincaré polynomial 0d(i)(x) of 0
d
(i) has a nice factorization
0d(i)(x) =
∏
j
xmj − 1
x− 1
where the positive integersmj are the degrees of 0d(i) (compare [6]). The degrees of all finite Coxeter groups are well known.
Hence it is not difficult to determine the function F and the Poincaré series of 0 with respect to S.
Example 2. Let 0 < Iso(H4) be the (non-compact) hyperbolic Coxeter group given by the Coxeter graph
∑
(0).
r
r
r
r
∞
∞r r ∞ r .
Take H4 in the upper half-space {x0 + x1i1 + x2i2 + x3i3 : x3 > 0}. Then 0 has a fundamental polytope P which is given as
the convex hull of the set of points
V =
{
i3,
1
2
+
√
3
2
i3,
1
2
+ 1
2
i1 +
√
2
2
i3,
1
2
i1 +
√
3
2
i3,
1
2
i2 +
√
3
2
i3,
1
2
+ 1
2
i2 +
√
2
2
i3,
1
2
+ 1
2
i1
+ 1
2
i2 + 12 i3,
1
2
i1 + 12 i2 +
√
2
2
i3,∞
}
,
where conv(V − {∞}) is a cube, lying on the hyperplane H3 = {x0 + x1i1 + x2i2 + x3i3 :∑ x2i = 1; x3 > 0}. We get
0(x−1) = F(x) = (x+ 1)
4(x2 − x+ 1)(x2 + x+ 1)(x2 + 1)2
(x11 − 3x10 + 3x9 − 4x8 + 3x7 + 2x4 − 1)x
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and by Theorem 6,
covol(0) = 1
0(1)
= 1
192
or vol(P) = pi2/144.
The covolume of 0 can also be derived from the fact that 0 is a subgroup of index 6 in the hyperbolic Coxeter group
• • 4 • • 4 • (compare [7]) which has covolume equal to 1/1152 (compare [8]).
Observe that the subgroup 0+ < 0 of all orientation preserving elements is isomorphic to the group PSL (2,Z[i1, i2])
(compare [7] and [10]).
Example 3. Let 0B < Iso(H8) be Bugaenko’s hyperbolic Coxeter group as presented in Example 1. The corresponding
fundamental polytope P has the f-vector (41, 164, 316, 374, 294, 156, 54, 11). The nominator and the denominator of the
function F are polynomials over Z of equal degree 160. For the covolume of 0B Theorem 6 yields
covol(0B) = 1
0(1)
= 24 187
8 709 120 000
or vol(P) = 24 187pi4/57 153 600 000 ≈ 0.0000412228.
We remark that the covolume of 0B was also derived by M. Belolipetsky (compare [2], Table 2) using different methods.
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